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1 - )
L vt Tl elurment Of fiecbihly tnati represents A —— —— . a
B . R T fpradoce Ay ot faneean the directinn ! I|||.'I||.||||||\L.. & o
4 Y o Ll ALl gof iy e che wen Coordinales &
o o gt . Fig.10.2 s
e 10 =
e i3t MADE EASH Capyed A
. = .
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4!.|u.‘,“’ 3 E\NI(\' k\'»' v 3
| § () "”]‘nliL, lh ol "h’”{ ”"‘ t
AR R ‘.’Ilf,)”’ll}"

[/’ = [A' "T,I

u ” [)] al ar o oy -7z
| n VV"[JF.; .l,’J.‘ “ly I(j I
¥

by f

N ! .’.” (ERAY ST
Note that it tvercal element of flexitiity
represenls leﬁ‘:“@n ol aDpllpd unit fo il
o ™ A N ol ' rcp
epresents direction of dis W
Nasplacement m
E easured

il

e

f,, = Displacement in di
= D ) In direction of (1) |
when u ' '
e DEbiebamonti i 1 n’ll force 1s applied in the direction of (1) alane
R i o ireol (1) when unitforce 1s applied in the direction of (2) alone
' Displacsrentin d?rectlon of (2) when unit force is applied in the ditection of (1) aione
Irection of (2) when unit force is applied in the direction of (2) alone

According to Maxwell's reciprocal theorem,
f =f

] yl

Hence, fis = oy
Step-1 To generate first column of llexibility malrix apply uni force i ihe direction ol coordinale (1)
N,

slone Now measure he displacements produce in the directions of coordinate 1, 2,
Slep-2 To generate second column of flexibilily rmalrix now apply uaitforce in the direction of coordinale
duce in lhe directions of coordinale 1, 2, N

(2) alone and measure the displacements pro
ad in direction of

8
on of e .
A L 1 kN @

@

For given cantilever, apply unit lo

coordinate (1) |
Displacement of point B in the direcli
ce inthe direclhicn ‘

-
onrdinare (1) due 10 unit for
ot 1) alens Fig.10.3
oL L
T R T A
AE  AE i g
[ Displacement of pant &I the direction of coordinale (2) due 1o unitforce in the direction (1)
34 = €:‘| e G O!1
j alone
:’ ’ /’I = 0
] aleo from Maxwell's reciprocal (heorem 2
| fiy= fa=U '
. o oelingle (2) along. 1 kN
[ appiy unil ‘Uf‘_'e i the (JI!(:‘!.JIUF" D’ L;Ln_JHJH]ﬂ[( (C') | f
in the duection 0
T S | ——
B

!

f - Dhieplacement ul pomnt B .
e n e diwection o

e

coutdinate (23 dne fu o |

i
W g
; '-w," o
] SR Fig.10.4
/ SE1 T AE
( i PP e osyslen! is
! e e E iy ol fio reen .’_)(j()[(h“r”f‘ 5y~
j B 0
| D ]
0 l -
f I
i ;&!i ; 4 Sclp e .
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‘ : Structyra Analysis MROE Enss J
S e . £ Ul a4

Ry BT T

e
s et e

Fo B )
" the coordinate marked in hgure develop flexibility matrix :
2

T |
A t‘“‘“' ) -a |
L / i

@,/

Solution;
First Column: l

i !
2) AS‘?‘;\; unitiorce in the direction of coordinale (1) alone and measure displacements in the direction of ' ‘
AL an

@
f = TxL _ L /-4‘9
"TAE T AE p H-»
£4=0 L @~ el
f,=0
Also trom the Maxwell's reciprocal thearem,
| II?= f,” = O
\ 1
and fig=1l, =0 |
‘ Second Cotumn: t‘}ﬁ !
| |
! Apply unit force in the direction of coordinale (2) alone and measure displacements in direction of (1), ;
(2) and (3) @ i ren
f,,=0  (already known)
A1kN
oxe B +
%27 3€1 " 3El A Ar__(D ‘
L i
B AN
2 2 2 ©)] L
f 1x L L \ ap [ @f‘ i
= = —-—— 114
| %7 2817 2F1 e =7
Aisa from the Maxwell's reciprocal theorem, P Al
N | \
f f3 = —-L /"‘ :

2€1 -~ -
A - B)
Thurd Column B~

Apoly untt mement in the direction of coordinate (3) alone and measure displacements in the directions

Aty 2y antd ()

| f4=0(Already known) 3 !
|
L S T\V ‘
5E7 (Alreadyknown :] ot
WS |
fom SBL 5L |

3T e e
Er gy {
MRoE E‘ﬁSg A

S Scanned by CamScanner
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Vil i {
i | ’
(ag 0 0 | |
i ’J:. D /..3

0 Lk 1

2E1 Er
Flexi o — e
X|blllty matrix tor a beam element is written in the form:

2

A= =2 5
GEI|5 16

What is the corresponding stiffness matrix?

e o R
3B IR
I
|
|
|

e o

b ©) T ls o

i ~ sEIf16 -51 6EI[16 -5

' \©) —-:3’ -5 23 (d) ,"{ -5 2
Ans. {d)

Eraduct of Nevibility nd stifiness matrix is gn idertity matnx 1e flexitihity mial

iv and stifiness matnx
are nvarse of each other,

171 = 01
= (1

a b]
Wi know for square matrix A=, d| \
L] [d -b \
rne nverse of [Aj18 gven by. 1A= |All-¢ a] 1
e inveitat s J = \
16E/ 16 -5 \
=07 s 2 \

i
CgErf1e -5 |
{kl ™ -.;L’l __5 7 | ‘

JAFE ¥

mMRoE ERSY

L LTS TR (1
WAL '“}‘ l;.r)(‘x‘«'l;\\ |{}"L SN |
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Publization-

Cvil Engincering o Syruetural Analysis

figure. Develop the flexibility malmz,ﬁ

e et
——— ————— —— | 4 17 e e

For the beam with coordinate shown i

SOA o ‘

( & c ’@

\ o @

- L L
e e ———— g
Solution:
First column: Apply unit moment at Ain direction of (1). —1_
de

L
" 3E] C
L 1 kN-m

ly, = —
“ BEI
fyy =y (By Reciprocal theorem)

Second column: Apply unit moment al Bin direction of coordinate ( )

L iprocal theorem) —___---="77" -
_f =_E_ (ByReciprocaltheorem) .- ;
fio = I 6E] (By Recip "’S_‘;A 5 : (4-5-
Ag- c
L AN
f22 ) S—E_l 1kN-m

f,, = h, (ByReciprocal theorem)

Third column: Apply unit load at Cin direction of coordinate (3).

fa= = L2 1 kN
BT 1BEl
. —_ c .
.= L WA )fi‘_. [56 ‘_ﬁ"!‘—'ﬁ’;}.
2= T 0 el
L3
= 28E
L2
Hence fyy = fig = =ee
L;’
fo= by = “16E]

L 2]
3EI  6EI 16E]

..[_' _L? Lg
[16E/ 16E/ 48]

e AT — . i .2

MADE EASY ¢

- ——_ f:uim:,;g;,m:
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“Nergle He g, " 405
I V ”\,’-’hly ru’ -~ - -
PN cogrg, § .
L 'Ale syster, -
N 'L =
A ' ¢ y s
| — : Y190y
8 T e et = “T') (=7
b~ (W] A - D
‘ﬂ'utlonf L s LY —a
rl"“ CD‘Urﬂn A ) )‘V un .
cron b Jand A P unitload alBin the diection oy Coordinate (1
At -Aand A -U nate (1) and measure displacaments in the
Ly '
{ = la) & ;
M- A~ =—
3El  B1E)
o = OB+ 68 LBC ‘
F4 \
[ _‘Lj_ + (L/3y . I :
CORIEL 2E0 7 Wl El ,
by = f)\ |‘
'4\51 = 6b+ UF L’;l:' “
: goowy L 4L |
= r——p S———— = Ee—esm— {
N7 giEr 2E1 3 B1EI 1
! Second column; Anoh unit1oad at Cinthe direction ol coordinate (2) and m=asure displacements 10|
‘; carhion ot 2 and 3
i 5 !
= -~ — (Byreciprocal theorem) {
' he= =155 g \
| |
: oL 3 '\
(3) e “m |
2T T3E1 BVE o |
- L ‘ 8 C D\
: o= bL-,-— o-t aL *Lep }
4 3
i 8L [ 3 Lo ﬁ L_ l
i b = ——4—— N
| g1 El 261 3 81E 1
! recton of coordmate (3) and measue displacements inthe |
‘ "hrd cotumn: Apply unt lnad at D the direction of o ) \ :
dl(tc'h'm o,& 913 o ‘
4t Srocal thearem) ‘ {
f afay= o = (By reCIprocali= A A .
w8 \ £ - 1
140 : \ .
‘ _ ~ A= ‘lEur@(_ﬂ[)tﬂ(‘,ﬂ\"!bﬁ)[e!ﬂ)
i =t arEr
il
33~ €I
W MADE ERSY .
. MW NG ‘.“‘-: Wl e (TR
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Structural Analyss

LIVET oy llljl[]«“p<1vv."|Hn‘i”“, flexibin natiy |
' |
e
)1 L ' .;:ﬂc
& N o | i
A bW £1 F1E1 I
| S5 L 8 | ld |
162 Er o g1 Er 81 ES !
U L ;
B1EI BIEl  3F) i

Develop !he tle)ublmy matnx for the SImply supponed beam AB w:th coordinate |

system shown'in figure
%))
= |
A \ .
-—-..__.___ﬂ.‘.!_.-}_.‘...}_,.- vy 1 B |
C B o S
o 4
Y 7 s na e AR

Sofution:

|
First column: Apply uni mementin the direc ion of cootanals (11and meesare displacements in the |
aJuecbonct T Dand 3 ’7
5% T o {
1%L L ANt n N : B |
f fo= = —_— A ‘j T g\ .G
] 11 —_—— - c B4,
5 1261 12E e 4 sl B8 |
i ,3| =0 i
‘ 1L -t |
T 2ME T 2E1 )
2ew tom the Maswell s reciprocal theorern ,
fl .= ’/l =4 :
f - }
T 1) = _._.-—:‘.-
4 2 E i
. . ) : !
Second columr Anply anit kad in the directon al coardinate and measure displacements in ine |
duection ol 1.2 ana 3 ‘.
: _ ' TkN !
f = D{Alreacly inown) l !
' Py {
=1 ‘&l’ - AR .'\6 !
f, =0 | - l
]
. f_ , 5 1)
1 ey Cohemn A Wy AT M e he ’J. rechon ol COOI ljl»l'lale {3) dnd meastire \':'!Si_?(at’t-'r!’"‘el Ms N {he !
i ¥ |
: C tabeady brawn) PP L sy . g !
- i T T e Mk g e e i b sy
IS 15’ / — N :.':\ :
o A k) 1 kiN-m €~ :
Ly ; a4 . qap ohm S “.m,
s ik MBOE ERSY

7ot

o 3 .
AT TR R R IO R T

\ur‘. Blus s Bodare
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dils vi‘}‘ﬂf'_)!ilty Mmat ]
Lo r!')' !C\l ‘
!
t
i
I\
Y,
e Soiution: |
L 1N B
First column: DR S R ¢
4 i EONN
L : g k \
fo = o= h
1. 8Et NS
N
~ 8

I34

N o Maxwedl s recipiocal theorem,

[ ,'_7I ey N
- ’/;'.5.9':

_"'\
10
|
r\‘
M1
— i
@
N
Falie
'm
[ Y
[ %
L}
-
> !
2
S'r
1
!
I
1
1]
O

tecond eolurnn:
2 N
‘ (Already known) :

1
t
I
!

DAL & L O ”
§ O (PR L
g

S o L g L e e IR CMRADE EAS |
ol S_c‘anned by CamScanner o il H !
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MADE EASY

Ol Enginearing 3 :
i) ‘G & Structural Analysis ' | wwmsnmammsios Dty i 2t
Alsa from Maxwell's recipronal theoren), c i
: 1 kM+m f
f., = fyey = L |
23 Ef 1 kN-m
2 il bisadrnumphond (3
Third column: ' 1 = 557 (Already known)
L Hy known)
fy 7 &7 (Alreacly kno !
For f,,. !
Using shain-energy method "
Strain-eneray stored in frame ]
M
U= Uqg"’ UBC B8
: I ——
ML ML ML [ L ¢
= + =
< 2F]  2El El
U 2ML
%= o~ el L
it M= 1kN-m, then, 8, becomes
2L
hs= g7
El 4
Herce the flexibility matrix for given cantilever frame is — i‘
!
- |
3E1 2EI 2E]
go|-L£ L L
| 21 EI EI
Lo
| 2E/ El ET |
o

10.7 Stiffness Matrix

10.7.1 Properties
Tre stifness matnz 15 always square matrix having non-zero and non-negative diagonal elements.

The arder of mairx = Degrees of freedom (O,)

NOTE: (= [t 10ad s vertical u.‘::e.ar'h's‘.‘lr’i:n,;n-;mi displacement should be neglect d T
Hitmertes ane sually ngid e aiso axial displacement skuole ge !g:orod
10.7.2 Procedure to Develop Stiffness Matrix : ~
" .‘ ;,: -.'rr- ’:rr- /‘/*,'“"Ivhfi:ﬂlﬁz Ihen stitfness matrix will be f
) L) T 78 ROuAME Mg, he o
Erreseni R ICE Drotiuced r;y;;:-l',[ 3::;::“3;!‘8“”[1688 matrix A "\ P ()
of T ronen Cotdinale sracementin the direction 5
i L Fig.10.5
DS S

MADE EfRgg —
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s

{) e R
Haticating.

£ ,Mm”” Mery,

Qzlz of Analysis |

slone
i I T ’
Itis also Noticed 1k Ol vshen gy | T
(A aL i) a’:‘?n’len[(ﬁ or i i, app
g "P-1.To generage fir ® TeCipracal Ihegrg
(1) alone without ) Steolumn of stiffn -
. ] esv

S matrix, give uni gj
. ) u S
nil dloplacement i the ditection of conrdinate

larces developed in
e |
(i.e.lMoAor B al other coordinate) and maasurs;

Step-2.To generate
unitd Secon
e aecemen! he Grotonol corgpas ey 0 {
coordinates) and measu?(ca)?orr?:lzztdeesiflectioqs (ie.No A or g ac;“(::]r;’r’ N ’iie h
Consider a Cantilever beam vjit(:\pce:c)l?da"“ i di.fQCUOHS. I o @J
Inate as shown in figure. Fig.10.6 '

First colu
mn: To generate fi -
g ate first.column of stiffness matriz, give unit displacement in the direction of

coordinate (1) alone witho iar
with i i i
o Ut_ any QIsplacgmen; inthe direction of ather coordinatei.e. no Acr 0 &t other coordinales
and measure fo ce producedin the d{irec‘tio‘ns of all coordinates.

Give 8, =1 Dénd ensure Ag=0 .
So provide hinge support at 8. | s
Ky, = Force developed in the direction of coordinate *\_ | L
(1) when unit displacementis provided in the
direction of coordinate (1). ' Fin 307
: ig. 10.

k,, = Force de"ve'loped‘in the direction of coordinate
(2) when unit displacement is provided in the direction of coordinate (1).

Take, EN’A =0
1 2El @
T -
GEL m’r Jn\,u_:,
R.= — | i3 el B WA
P N
1 L Re
6E] Fig.10.8
¥ ky = Ag = N
:; : Second column: To generate second column of
stiffness malrix, give unit displacement in the direction
’j' ; coordinate (2) and measure force developed in the direction
r ' of coordinates (1) and (2).
a1, .. Giveag=1(T)andensure 05=0
i So. fix the end Bat B sothat
BB = 1unil
i Take M, =0
6E!
L £t Fig.10.9
i 7 A | MRLE ERSH R e T
J L e Publications : F;f&vw;m‘adeggsyp_qykiqéggggs;o(g |
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A\!‘,J ﬁm"y,.pm_ ’i"”",’ " R-. ,.l-‘n o ol
W wm»ﬁ, i .y
e,

il Eng I gy n f»J

* Structy :
Yat Analysis ’
Y MADE ERsy
(s BB atgns,
12E]
Ry > = {1)
l
GE/ .
‘ Ky = {» and kAo, = Ry = 1__i:__/
Hence the stiltaec LR
© he shiltness matrix foy given beam is
4E/ BEI g
L 2 |
[K = -
6EI 12E!
R |
. 10.7.3 Standard Results for Stiffness '
\ "ype of Displacement - Co-ordinate system Displacement diagram Stifiness :
{4 Axial K =ﬂ§ 7
| 0 | —— | & T ,
|
. ; R 12 EI
i . 2. Transverse displacement @ * ® ki ='z3“ 1
~ 1 o
3 (2) with far end fixed 1A Bi \b N | ET K _BEL
: BN AT 2
% VEREV DT L
(e) 2 6EIA Ky =-SEL| —~
'.! . 12
| i
‘ @ Re
1 l 5 | <3
i by win far end hinged T

\
. A L
K "! l‘ v (b) @U \(_\l ;\21 = —'9"%[_
3

3E/A
' =
| | L
‘— 4. Flexural displacement (i
| L
| jaywith far end fixed e AUNMSSIT - 43 ) | Kys = 4fl
Ny XFl . } [ ol 7‘3
| ol e | A i 26/
; 2EIR koy = I
L
[ 3
| 3£ |
{ 1A "R 3E! I
(4 wib tar enn Fungsadd < “ o ol 1 ‘if. (1) Ao L . l“_” oy % '
SR R """“} *4.‘-,\\\ *-Ef A
’ SRR IES e ot ;(EI-‘-C‘ ];
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S R Wt Met
,gl =En '
. Brate syt i
:j' 'ﬂ?}mx f(:), th B
3 = COOIginate gha.
': v Shown 1 ligure
i i}
‘
i A.',‘“\* g [’2" ‘.l‘.
\G, ey PE o IR S \
Sofution: S A

FIrst coiumin, Give upg

L B

A,

displ
\ Placement 1y the direction Ot coordinate (1
and ensure A, =0, Ag

(M

: =0ando,=0
20, 18 ‘Uua »ubbOrt B by fixed support.
IF = O
HA + HE =0 (')
M, =0 Ry xi+3EL 2B
; * "
6E 6
R.= —{11—} and R, = O]
1 (
k = —4-—E——[ k',.‘ = —-2-—E—I \
Ky i . :
(;—: ’ 6L
k, = S0 K =
R

Second column: G dnit

5 =1 )andansue dp =48, = Oandf, =% .
A 1 HA + RB = O _—
4E1 LE.I -0
h = Pﬁ‘ L +T j_
GE!
i __hf and R\ L?
| £ _ dEl
2T T \
| -GE!
(T t ;I !\“ - L"l
Joplacenment i il drecton of coordinate (3) \‘
Phuiedd vl i NN Rl jopall |
Thead coiume £ S i i /4— |
. {7 AR B e,
T '\ k’ E)_E—L ‘\\\ \
Ae=® L :
~8E ! N gl e
KI‘& e ‘ e x B l"
‘ LY \ ..... gt
far, G’%I ‘
lQET o 2y L
k33' b
MADE EASY i
o R TR ! d ;
: oy "“""u b -

displacement In lhe

direction of coordinate (2)
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Fourth coj
WIMR 50
I ] Unli ‘:“Ql!la(,ernﬁ‘ﬂl N 'hﬁl d!f@CHOﬂ_ O[ Cool-dlnale (4)

Qg = tand e
ENsure ‘%-Danda =0
Ay = OE7
4 )
L
’\-, — -92
2
N _12E)
Ja L?‘
K = 121 Ry=
AT
L3
Hence the stifftnesg matrix for given coordinale system is
4EL -2E1 -BE/  6EI ]
L L 12 2
21 4EI BEI  -6EI
M= L L iy
-6E] 6EI 12E1 -12E]
G F TP
8EI -BEI -12E1 12E)
T & A

PL\ /Q)\ 5
A B |
A L LA L

\ Elis constant

\'1 Solution:

\, First column: Give unit displacement in the direction of coordinate (1).

8,=1 ’D and ensure 8, =

Sacend colurn fave unit displacement in the direction of Coordinate (2)

| ol ';‘, andensure 6, =6, =0
_2E]
K= “T"
e Ealionso) MADE ERSY
i B R S wlic whiis
jby C Scanned by CamScanner
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enee he atfinegs o -
¢ finess MAaln fey Give
AU iven ."u-'an
L IS

Solution:
First column: Give unit displacement in the direction of coordinate (1)

Bg=1 and ensure 8,=0

8E1 b
= [

2E1]
fu= T

Second column: Give unit displacement in the direction of cogecingie:{2)

8= 1and ensure 8z = 0 -
n e @
TR s 3

_EE.I. B —=— AN

lye = 7

ame IS
rix for given frame 19 !

Hence siiffness mal

=

I
JEPRI Gl Pl

e SN
AR et

g eAsd i

L ;.f
- . e

A (; 1
W T R Y
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414 il Engineering Structur i
| ‘tural Anatysis "'nDE ERASY
’ v
| i ....mmii\,,;l,‘,q!,:\mc

— e e,

r \" el e M\\nwr- e e 5
%’%ﬂ\ﬁ!{f@t {aw ftlﬁnan m-alrux [or the frame shown bnlow i
e C !'
W E— . i
By W LE 2 |
!
i
e |
| i
i
|
[
A |
Solution:
First column Give umil displacement in the direclion of coordinate (1. !
Aa= V(=) and ensure by = |
Take M, = A= 1 i
~\(3) e
GE]| L‘f‘“’ A A= L VE C c E
Hyxl - —1-2=1 0 Hy=——=r--oee- % i A —2
ci Lo - . &, = SR, ]
. Ly |
' I
H, = E.Lﬂ : i
L“' : 5
Also IF = 0 s }
o=t L/ !
H, - 12€1, / : :
Ik \
‘ 61 ‘
|
L 1261, (ﬂ_} |
1= ~H,
3
U ’
|
Ky -6&n ! {
| (.
Second column Give unit displacement in the direction of coordinate (2) /‘ / ' )
o 8o = Tand ensure a,=0(-) :
LF =0 »
W= H 4EJ, ééfz
Z= Mg /—\ L T
Ao LM, =g e | C
& ’ # ‘/ﬂ: B \) By =1 " //./,'\ Hg = th
) A4 / e e— = L !
T _L 4y _J.Lﬁ - /| ;
‘ L LI ( .
CE/ e = 1 1
P RE ' \ : i ; ?
1 ! ! f

i Sl ¥ mnn = : Ly otk ;".-'
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{Hamx ethns of Analysis |
| . 4Er 3E; | | -
o Henee R
i ~€ Sifinaaa ) N
f: =2 Malri o Qiven | |
} N rame jq
15 ‘.Arl .I 1
J 2?‘/, - _BEy,
| el b L,
q' f ‘62’51, (4El, , 3E1,
i 1 5_\\_\__%_*_‘ & L 7

il e ! 'i Q'a An . (
(o a[ySIS of Ran : ———
| 1 1081 pe =cam and Frame Using Flexibility Matrix Meti,
B 2 gree of Static Indeterminacy 0,) p o eC1d
s

a) 2D-Beam: A
-Asthebeam hag o
g pen conliguralion | ' i i
e dogre o jndaermmacy oS . the degree of internal indelerminacy is zero. Hence

O, = r,-3
If beamn has inlernal hinges fhen
8 rnal hinges, then the degree of static indeterminacy,
D.= fe=3-n

O

where, 7, = No, ofindependent external reaclions
| " |
n = No. of internal hinges

(b) 2-D rigid frame: For 2-D rigid frame, the degree of stalic indelerminacy Is given by
Ds=3m-r, -3/~

’

where, m = number of members

r, = number of independent external reaclions
/ = number of joints
= number of reaclions released
10.8.2 Basic Released Structure |
S = « syalically determinate and stable slructure which is oblained pyIreleasing a sulficient number of
‘ . I1is s aitarmial reaction component in order to obtain determinate structure from corresponding statically
: rarpal forces of 6XF ‘
' J ‘nler . >
g ale struciule. A 8 c o
| i elerminalé s . o :
f e o der a continuous beam ABCD as shownin figure. L 2 &
{ 3 ! - 1o T
, i Con 'ndelelmmﬂcymr above beamis |
| 8 ree of stalic INUE Fig10.10
I 1 Ded ! D= rp-3
I P [, = b
. : Hare, D.=h-3=2 o ®
| i ", - > Thus lo
| % = cally indelerminal® |0 second degree '
| fz(»ﬂﬂ'”ssmhca Y inale, wo reaclions component einer , )
{ = Lty determindiz A e
X pe pean Slﬂ“c'my.ojho released. Jd Carcredundant. ™ g ¢ 4,
B s ke 1] ‘ ave | et an ar " i aR
e ass £ exteld e . «lgrnal reactions N E siraint offered by Fig 10.11 Refeased sinuaure whenfy anav
1r.1.emﬂ' ars ~ o161 ©F ined by rpmoving 09 arerefeasec
Caso-! SO e ODINCE TS T ply supnoted beam. —
e st e :m roleased grructure 1z s o Eps!_-j e _I"\;n::d;:;;;hhml
T leas g T s 3 bbbt ni N T
[here For gbﬂve b =t mm;?f..nuhuf._:_uﬂ:._ . oA L LA ke
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. TG e Structurat Artalysiu s = 4
!:-HSHJ’ H e et , el Th _ )
S uCird G <l ’,Uu_lnh,‘_'; moment at A and evernal support (eacnon at C o reieased Tnen the released |
WEREIS@S ey MMply suppored heam Ag aod 80 as shownn hqure
2
- 5 | ';f
tA e
(n oy ¥ 2
(2 :
A T rh /B-i | D -!e'ij |
“'/1 \ / :":")"—__'—“’E:'_ 1 ‘
@ @ -
Fig.10.12 Re!easedstruf!urewhenMGandRcarere/eased . i
Case-3 !'aending momen! at Band Cis released Then the released struclure comprises three simply
subponed beams 4B BC and CDas shown in figure whe
A - RN D
A E )T (B = i
3 g aedi
@ o @ @
e N oadir
L__‘L’_B\ ,-':5 % ’["c\ ¢ :
e I:D-Q-. D @ i&@ Ao o
rec
Fig. 10.13 Released structurewhen Mg and M.are reeased duet
Procedure of Analysis ?
in flexibility method, unknown forces are taken as redundant and number of redundant are equal 10
{eqree ;\7 <1atic indeterminacy. If there aré N redundants, then flexibility matrix will be a square matrix of size
dedree U
N~ N
ronsider a beam wilh coordinates as shown in figure.
¢ = Deflectioninthe direction of coorainate (1) when unit load )
1 s applied in the direction of coordinate (1). , |
. . I (1
¢ = Deflectioninthe direction of coor‘dmate(1)when uniticad A nz S :
12 e applied in the direction coordinate (2). e o1s Wil
- N 8
1) andload P, i 'g. 19
W ioad P, is acting In the direction of coordinate (1) dFR,is ,
- nrg i e direction of coordinate (2). f T 1 f
Thus the 10131 qeflection in the direction of coordinate (1) 1s, 7 |
iy g 1
!/ A1 :I”P1+f12P2 i %;
! : . ‘ @
ety e total deliection in the drrection of coordinate (2} is, . |
i Bt Ll (?ﬁ:‘ = f?1P1 + fgzP:, é
o rpaatins () ancl () can be represented in matnx form as %;
Ay l[fh hy P’l
ol U ke dlFe |
; Fals :
MADE ERSY
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Analysis

417

Step-1.Fing degree

- the redundants in syen 3

and determinale |

Of static incleqe

P,
fMinac A \L
way (ha released o Y (D). Now identfy & ) Q\L

o L }\ { B

Ne . emain g o B
o \eqlect all axial effaey N beamg Example lable T A

€ case there are two l'edundan[ a Ry=p, IR *R
Ry = R, say RA:Rl and C

Fig.10.15
Step-2.
| _tep 2. Remove the redundantg and assign one coordinale in ® @

the direction of each redundant,

Step-3. Develop flexibility

o ' matrix for above coordinate systemn and [
find inverse of flexibility matrix i g, [

fig.10.16
Step-4.Remoave redundant and obtain basic released structure
with given loading which is statically determinate and stab|

e. @ P @ b,
)
Step-5. For basic released structure, find deflection due to { ]
given loading in the direction of assign coordinate, LetA,, and A, ,[

are deflections in the direction of coordinate (1) and (2) due to given

loading in basic released structure. Fig. 10.17 Basic released structure

i apply redundant forces in the
directionS;f:;z;gnegz\;Zi:wo;: [gr?daf?ndd d;:jeyction at goordinale (1)and(2) L::.':\e‘ fand A,pare the displacements
due 1o redundant reactions in the direction of coordinates (1) and (2) respe .
By = 1Ry + Ry
Bop = Ty Ay + ol

[AV-TJ [fn f:zHﬁ "
"ty Bl R

- AZH i i ' and (2)

i~ due to given loading and redundant reaction at coordinate (1) and (

Find final deflection ¢

Ay =8yt 8

ate

Since in the direcl!

| be zero. by = Bu
v Doy = B
§ -4
[Av? - [ A"—J
3 =821
Algo, AzR)
o i), we ge‘ -
. From equation (/). A Ay
' hy he l [ b by
"1 /2'.‘ R'? \ ()
‘ , f'.v "'AII
Ff' ] !/” / ‘ -IA\*/ rompy T "'"?w“'::;;:}
A ' S P IA.  R
e pag T mmadesgpins s
e THEADE kol

& il - — ;r,,[;llL."_‘jl"“"‘ o i oy ke
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¥5& 1N beam shown n "qureusmg Nlexibitity matrix methog

ol 100 kiy
l 8 !
R e N c |
: — |
P, i
h Im h—'—— Im ‘-—.l 3 m___!_.___s m“"} :
El s constant i
Solution: ‘l
D; = ,t‘_ 3 Il[
]
= - i
Thiia oNn N .
Aus Qiven conlinuous beam 1S redundant 1o i
Cegres ! ]
LSlus consider reactions Heand R ~asredundant. [ ’l
Q et coordinars Vinthe Grection of H‘qdnu coordinate | Btk ] 6m o !
e{_‘ r:‘\fl-\‘,-. S ‘q-‘ i
S Co-ordinate System i
]
e . !
Fiexibility Matrix ,
; Column 13% Apply unit icad in the direction of coordinate (1) and measure displacements in the |
 diractonof coardinate (1) and (2) |
. @ |
_ X L‘- - /_4 # T !
1 - :E. - E] " ,-'/ g fl
B s e M ’
E k fo= &, + PE’ LB— /,/ ;:n l’
* R e —r
Iy, = — = i
’ 21 El 2E1! //: , “JJ :.
| ~ ;"_'.’:.T‘_T_ ........... PR R e B L J-—-L |
72 108 A C :
= —+ = |
Ei ! ! 6m } 6m ] ;
120 i
= 7 '
A sromy rec ol al thediem,
180
fo0= dyy = =
I
~ <t
: 5 lhe dirscicr
e siv ueil load i ins creechon o coordinate (2) and measure displacement is 1N
Cotumn 2 1
- TR i
¢ e 1‘.—_(: 8 e e ST '-\.
: r ,’ A i T S s ST N
: PO ' -
: ta1f) bk fo mmmm B
.‘:' ¢ : : .‘7/ T tl
gt oAttt Do relessed slucluie s ;
SN PO {73} 41 s e

A O
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Matrix Method
e 5 0“‘”0’)’5’; i 41
o — ., 9

218

n-|&  ET{.L[7 o
180  576| EI(180 576
El EI

inverse of flexibility matrix,

576 -180
(0 = Adjff) " |-180 72
||~ (72x576-180x180)

00634 -00198
-1 -
= £l [—0.0198 0.0079]

The displacements in the direction of coordinates due to external loading:

5O KN ® wom @
A 5 -
|~—23 m—f—3 m—
Using conjugaté beam method,

N ) '8
‘ by = BM2 -
; =+ Agda i 300 3\_)(3
! = X +A3-‘3+ 4 il %3?
, ' = A X +A2"? . 300 3)(1 5 EI
W1 ,xB)’ﬁx 2
| 1y£’9xSX(3*a
: 3 i
| 50 3%2+300%
| __1-{600x3><4'5+ 2 b
=" El i
L i '
‘ 13720 () e NS R
- ’/ET,( T ';mﬁd@dﬂ""-"ﬁ Ll
‘ g s PELIR
! At at C /':."E/’E‘n 5..% '/-’”H‘/ R g

(da)

é ~ Scanned by CamScanner

T —— g 2 e
iy

Scanned by CamScanner



ey i e

Scanned by CamScanner

mABE ERSY

Publications

420 ‘;ﬁ}'flffw\hgineenng o Structural Analysis

450 ¢ 3% ( +§x3]—1x%’9x3x(6+§x3)

A, = 600 1
<L «3%105-24F%; 7
2T e 2
—‘ﬁg-x3x(6+15)—lx§99x3[3+gx:ﬂ)
El 2" El 3
1 ; ‘ ¢
- ——{60013 <1o.5+/450‘3'“‘”+,..—’~300"3”8+300x3x7 g, 200232
El 2 2 2
38925
= -—(
£l <)
R=[1"[-2]
V’i] _c 1[ 0063¢ -00198] | _(-13725)
Ra _0.0198 00079 ) E ~(~38925) /
R {0.0534 _0.0198][13725 -
R, =1-0.0198 0.0079 38925
R,=AR, = 0.0634 % 13725—0,0198 « 38925 = +69.45kN
Rc= R, = -0.0198 ~ 13725 + 0.0079 * 38925 = +35.75 kN
Alternate solution
Now letus consider My and Agas redundant. Also let ‘
cocrdinaté (1)inthe direction of M, and coordinaté (2)inthe (
\
' C&OMinate system

direction of Rg

lexibility Matrix
Column 18t
1>'L 4

= —

=36 E

fy= f,,(BY Reciprocal theorem)

(A= gr|-9 36

The inverse e of (lexibility atrnx,
Ad/lfl 714 +01428}
(=TI = El|, 01428 00634

~MRADE mss
e PP

T
77 ,,,{ %
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i kb g oy st it onpes

(Al = 10 (-a,]

{gj : 51{2'57” 0.1428])(_1_{-95625]
‘ 1428 0.0634 )" E1|+3712.5
Ry = 0.5714 ¥ -956.25 + 0.1428 » 37125
M, = Ry =-16.25 kN
0.1428 x - 956.25 + 0.0634 x 37125
Rg= A, = 98.82kN (1)

and

Alternate Solution

Letus consider M, and Mg as redundant. Also let coordinate (1) in the direction of M, and coordinaty
(2) in the direction of M

A @ R /E £
(4

@ @
O] B8\ o
: o >
Flexibility Matrix
Column 18
Colurnn 2%

4
fp = E 1 kN-m

& flexibility matrix for selected coordinate is
nc 12 1
(1= Eil1 4

f flexibility matrix is
The inverse © Adjlf] _ [0.5714 —0.1428}

' = |fl -0.1428 0.2857

T mMRDE EASH
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11-4,)

5.1105714 -0 1428] y [-t12¢
—0 1478 02857 | £1]-3375
R. =06714 < (-1125)-01428 < (-337 5)

~16.08 kN-m
R, = -0 1428 » (~1125)+ 0 2867 « (=337 5}

il

It

it

n

|

= -80.35kN-m

e e e

Analyses the continuous b

100 kN

£1is constant

eam shown infigure Use r!exlblllry malrix method.

solutton .5.3=
@
o pEAM 1S mdetemunﬁte to second @
L oome Y
'll =\.J 5
fenrel (et [ and Ay be eredundams Also 4 l..-m---.-- B .
YA ¢ ’7
R e ON C 1 dmlcmuilrm'v( 7)in
v e ne JIPCLUOI ot H, Co-ordinate Syslem
aorh o 1kN
e
i Matflx
ib“'d R B
F)e" ,-g_:iu""' A 1._.__.—-«--—----_--»—«»«-. S e e
‘ pem M3 | ¢
[ L R B AL I

o TgEr | AEL

R u,mM.nwr"l SreCOn

al theatem)

mROE EHSH

mcsastoin i e v A
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Hence he flexibility matrix 1or selected coordinale is

-
‘ne nverse of flexibility matrix is

n

MADE
Structural Analysis r___n MWEE\S,,,H
1 KM
o e LT 3
3Er 281 - .
C
-1-"3-(1- e 4m [ IMee—m— o
3E:
x4’ 64
IEI T 3E)
4 1%
113 3
El 136 64
3 3.
i _6_4 -136
Adi_er| 3 T3
17| =136 343
3 3
£ 0.055 -0.118
-0.118 0.297

This displacement in the direction of coordinates due to external loading:

100 kN
l 60 kN/m o
A | B D
| 4m [+—1.5 m—>}~—15 m—s
100 x (AD)> 100 x(AD)? 60x(AB)' = B0x(AB)?
- = — + —_—
Ay = A [ 3E1 2e] <CD+ 8E] +W;J—YBC
| _|100x55° 100%55° 60x4% 60x 43 11654.58
b , Akl 2E1 8E1 ‘e <3| = -
i ' . K] 2
Bt 1004(AB)° 100%(AB)° Ox (AR
A, = dg=-|— AB) - (-—)-->-:BD+6L"L".§)__
1 oL 3EL 2E) 8E)
f
5253 33
g Ay = ‘—"ET"
| (F) = 1114
3 g [ 055 -0118) 1 1-(-11654 5
!H' ! OB NP7 (5253 32
. . MARDE ERgy o
by paat st g Vg gL ;
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Pu =340-21.10- 185 = 133.9 kN
yternate Solution

Now tetus select M, and Mg as redundant.

A n

: pa EA 0
e i o o
gl "
e

M
; ‘?alanethod;olAnalym

| 425

253 33

R =R e
! R1 = 0054 o 654 o5 U118 v 5
R.= 2110k ke
anc Rg=Ry=-0118 ¢ 14¢
\ 1654 58 + 0 297 , 563 14
F"E : 185 kN J/ b4 /’bBJd
£F, = 0
Rt Ry+ Re= 100 + 60 x 4

-
@~

/B
\;
@

(’9‘\

Flexibility Matrix

Column 18%

(]

Column 2"

/,)? = (eB)AE * (GB)BC

4 3
= 3E[ 3l

x for selected €00

__T
" 3E!

rdinate is
Hence the flexbility malr

1
(n=%

D Wi
Wi ol

% 1S
. ) rna“[/( |
| e WETSE of |||;)(Ib|h‘v

|

maeDE E
g

e 0D
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callons
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Cvil Ef\gmeennq s Structural Analysis PuBleame
The displacements in the direction of coordinates due to external loading. 3
100 kN
)AL G0 kN/m - l c
\ "W\f‘ ~E. e Y
@ 7"')
b e § PR _“__-_]..]4:| 5 m—=|<—15m—=
100 kN
4 V\r‘wT\‘er B Q,_—_’—l-———————-pq
XL FAS-.3 £
| 4m — ja—1.5 m—sf—15m—=
60« 4° 160
A, =0, = = —
W UATTRAEL T ES
Ay = (Bghap + Blpe
_ 804 100% 3 _ 216 25
24E1 16E/ El
(R] = (A7 [-4,] ;
R, 0.877 -0251] 1 [-160
= E/ X —
R, -0.251 0501 EI[-216.25
R, = 0877 % (-160) + (-0.251) x (-216.25)
M, = R, = -86.04 kN-m
M, = R, =-0.251x (-160) + 0.501 x (-216.25) = - 68.18 kN-m {
o

10.9 Analysis of Beam and Frame Using Stiffness Matrix Method

procedure of Analysis using Stiffness Matrix Method
step-1. Determine degree of kinematic indeterminacy neglecting axial deformations  Identify independent

joinl displacement A, JAVSR v
Step-2. Assignoneé coordinate in the direction of each unknown displacement of joint. Develop sutine

rmatnx and find inverse of matrix
3, Remove displacemen

88

ls in the direction of coordinales and oblain locked structure. Find

Step- i ' ‘
e ~os developed In e direction of assign coordinale due lo given loading in the locked structure.
LetP,,. Py P 818 forces developed in the direction of coordinate. Then displacement Ay, » 33 3
UL RS~
A ( ﬂ
A‘ ki KigeKin | [-Py
= R ke Ko | [Py
: -R
A L s { =
|~ ‘Knl A”“J
8= (K '[-P] AT
- MRDE ERSY 7 e
: ,; A
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-.._,._\
using stitthess matrw method

: ‘ draw bending moment diagram
*‘h
i

10

Els constant

T
n N
a alysas the beam shown in tigure Find final |

MOT_H.\ Method, of Analysis |

05 427

ORI
Dy=31-r,-nr
wrg 0= 3 7= 2303 M = axially rigid member = 2
D,=3x3-5-2
D,=2
A
S8 3N 8z a8 unhnown dispiacement. T~ c[
. w::w*:etel‘;‘.a:wihed xchion ©f B, and zi\\ 2 3 l
seand ) BE :P‘E Q “3(‘}’051 eg h /'} v )@
- < l@ —!
) ? — 4m 1
i#rass Matnx y -
Column 1
Gne on displacement in the direction of coordinate (1)
¥,=Tlancensure ;=0

\ £3
-
A S p
<
~
-~
.'_:]
\“‘ = -
o

pr————

im

4E1 4E1 _Tg
2\\: p—1 3 —— 4 3

-~

i , ]
SUfness matr for selected coordinate s

ES
(481 26 .
— 4 7
2 E!
W = l I =':‘[:~ 7
thy = EEI' TE] i
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e ——
Py bhc

Lt ) M R, are arces (Moments) developedain the coordinate directions due tg the Given |0ag
b, o (™ 19 4 T ’ln
RYRed SIruc e

10 ¢

A }“\ l P’ A’WWVWM C

; \\\_ (‘3‘\ -
ol
e e g gee—| 4m |
M-XB = -108Y3=—3 75t‘mu
Mga = 3.75tm7)
2
Wec = ~22t-=-8tm (J

MCB = 8 t‘m :)
Py = Mag=-3.75tm

P?L = h_’iAB—mEC
= 375-8=-425t-m

[m 1 [7 -2|[-(-375)
Ap|  BEI|-2 4 —(-4.25)]

4y = 8E1 (7x3.75-2x4.25)

2.22
“= 0a=gr
1
and A, = ﬁ[ 2x3.75+4x4.25)
s = o, - 11875
El

Final end moments:

2EI
1 Mg = MAB+T(294+03 3LA]

| T3
Mg = Ot-m

M, = _3.75+2ﬂ(2><222 1 1875_0)
El El

2Er1
Mg, = MBA+—E-(2BB+GA OLAJ

= 3 75+':)_El(§_’i~1ﬂ+2.22_0] =B_31|41‘
3 El El -

A
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M- Mg <k 0,44 - 3 |
C\TET T l
|
CODCT (211875 ‘
= ~H = i
] l £l +0‘0)=—681l-m
i 2F] ’
Mep = Meo *"‘l:'-[ﬂg-%"()(- GLA] '
2EI (11875
= 84 — | —— -
2 L £l +0- 0] 8.593 t-m
4.088 tm 8593 l-m
4.09 t-m -
c

J1auueogwen Agq pauueog

Matnx Methods of Analysis

e

429

}

Example 1016

60 kN/m

Solution: . '
DK =3¢~ u

DK_3X3,5—2=2

Here, 1= 3. /67
cement. Ass
 unknown ASPECEL o ion of 85

Tak do-a
Take b5 anc dinate (2)in

i the JlmC\lOU of 9 an coof

E"“"hess Matrix
| . ‘8 (“).

cotumn T ton 0
cl
Gre unit hsplacement the dire
I
b, = 1and ensure f.=0 | agen. ﬁi
AEL, 5
— A
kpn® 8
2E@2N) _ £l
/
= A B

"':ul

Analysis the frame shown in figure using stitness matrix method

i % -l
t
w““'\)" n"dd“ na

e o i o,
S,
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AN SRlacumant i the chirection of coordinale () ‘ Q’,)- A )
oo ana POSUre ”” = () - kzz.

kl‘.', = k'” = E}

i -
b, = SERD - (1)
2 |
e \ . § S '
i e the stilinesg mati for seleclad coordinale s

14 A
(W=|5 :
El  2E1
ihe nverga

of sitthass maltrix 1s

23EI1|-5 14 Ef[-0217 08608

momenis) developed in the coordinate directions due to the givenloading

1 110 -5 110434 -0.217
(K] = or

Let P, ana Py areforces (
"acked stiuetyre

1 2 : 60 kN/m
P Pab* 50x2x3 B 'v
MAB“"T*“JE_;L:—%kN'mU 2m @) 2m fc
. ba®  50x3x 22
N’BA..:"IT-“"'—EET———=24KNTUD 3m
. 50 KN ——p]

_ wi¥ 60x 42 @
Mge = - 75 T -80 kN-m @)

o 2m
_ wi®  60x 42
MCH=TQ—_T=BOKN-m Q A

P\ = Maa - Mac

= P\ =24 - 80 = -56 kN-m

' P, =80KN
| [ay ] -A
| Hence 1 = [Kk] }[ " }
| a2, -
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